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Hole doping and weak quenched disorder effects on the 1D Kondo lattice, for
ferromagnetic Kondo couplings
Karyn Le Hur
Laboratoire de Physique des Solides, Universite´ Paris–Sud, Baˆt. 510, 91405 Orsay, France
We investigate the one-dimensional Kondo lattice model (1D KLM) for ferromagnetic Kondo cou-
plings, by using the bosonization method. The ferromagnetic 2-leg spin ladder and the S=1 antifer-
romagnet occur as new one-dimensional Kondo insulators, for a half-filled band. First, a very small
hole-doping makes the charge sector massless and it can produce, either an incommensurate RKKY
interaction or a S=1 ferromagnet according to the strength of the ferromagnetic Kondo coupling.
Second, we investigate, the effects of a weak and quenched disorder on these two Kondo insulators,
by applying renormalization group methods: the Anderson localization is suppressed only in the
context of a strong ferromagnetic Kondo coupling.
PACS NUMBERS: 71.27 +a, 75.30 Mb, 75.20 Hr, 75.10 Jm
The Kondo lattice model (KLM) consists of conduc-
tion electrons magnetically coupled to a spin array via the
Kondo interaction. This model is ruled by two important
parameters, namely the hopping strength t of the conduc-
tion electrons and the Kondo coupling λk, which can be
ferromagnetic or antiferromagnetic. Many various phases
are expected in the phase diagram, according to the ratio
λk/t. For instance, the compounds which yield a large
and positive ratio λk/t are called the “ancestral” Kondo
insulators, and they behave, at low-temperatures, like
semi-conductors with very small gaps [1]. Conversely, the
compounds which yield a small and positive ratio λk/t
have generally a magnetic ground state. New interesting
fixed points of the KLM, have also been investigated, for
some years ago, like the heavy-fermion one, which corre-
sponds to an intermediate (positive) ratio λk/t [2]: these
heavy-fermion compounds are Fermi liquid systems on
the brink of magnetism. Exotically, the low-dimensional
systems such as the S=1 antiferromagnet [3,4] or the 2-
leg spin-ladder [5] have also attracted both theorists and
experimentalists: curiously, these low-dimensional spin
systems yield a similar ground state and for instance,
they are known to develop a spin gap in their singlet-
triplet excitations.
Finally, in this Letter, we investigate the case of the
1-dimensional KLM (1D KLM) but originally for a fer-
romagnetic Kondo coupling. In this context, the ferro-
magnetic 2-leg spin ladder and the S=1 antiferromagnet
occur as new interesting Kondo insulators. Explicitly, in
this paper, by applying standard bosonization methods
[6,7], we begin to yield clearly these original phases of the
1D KLM, for a half-filled band. Then, we view the ef-
fects, on these two ”similar” Kondo insulators, of a small
hole-doping and a weak and dense randomness, by using
the well-known replica trick and renormalization-group
analysis.
We, first, consider the pure 1d KLM:
H = −t
∑
i,σ
c†i,σci+1,σ + U
∑
i,σ
ni,σni,−σ
+ λk
∑
i
~Sc,i.~Sf,i + λf
∑
i
~Sf,i.~Sf,i+1 (1)
with: (λk < 0 , λf > 0 , U > 0).
Here, c†i,σ (ci,σ) is the creation (annihilation) operator of
conduction electrons, ~Sc = c
†
α
~σαβ
2 cβ with the Pauli ma-
trix σ and similarly, we introduce ~Sf = f
†
α
~σαβ
2 fβ. The
term λk describes the ferromagnetic Kondo coupling. An
ad hoc coupling λf between the localized spins is intro-
duced and it will be fixed by physical arguments. A
Hubbard interaction between electrons has also been in-
troduced. We approximate that the lattice step a → 0
and we use the following conventions on the Minkowskian
space. The relativistic fermions cσ(x) are separated in
left-movers, cLσ(x) and right-movers, cRσ(x) on the v-
cone. By using the bosonization method, the charge
Jc,L = c
†
LσcLσ(x) and spin current
~Jc,L = c
†
Lα
~σαβ
2 cLβ
operators can be respectively depicted by a massless
scalar field Φcc and a SU(2) matrix g [8]; we just re-
member the identifications: Jc,R + Jc,L =
1√
π
∂xΦ
c
c and
Jc,R−Jc,L = − 1√πΠcc, where Πcc is the moment conjugate
to the field Φcc. Then, we decompose the spin operator,
into its k=0 and k = π components as follow [8]:
~Sc ≃ ~Jc,L(x) + ~Jc,R(x) (2)
+ cst exp(i2kFx)tr(g.~σ) cos(
√
2πΦcc)
Concerning the localized spins, exp(i
√
2πΦcf ) is simply
replaced by its expectation value; finally, one obtains the
general Hamiltonian:
H = Hc +Hs +Hk (3)
with:
Hc =
∫
dx
uρ
2Kρ
: (∂xΦ
c
c)
2
: +
uρKρ
2
: (Πcc)
2
: (4)
1
+ cst.g3 cos(
√
8πΦcc)
Hs =
2πv
3
∫
dx : ~Jc,L(x) ~Jc,L(x) :
+
2πvf
3
∫
dx : ~Jf,L(x) ~Jf,L(x) : +L→ R
Hk =
∫
dx λ1 ~Jc,L(x) ~Jf,L(x) + λ2 ~Jc,L(x) ~Jf,R(x)
+ L↔ R+ λ3tr(g†.~σ)tr(f.~σ) cos(
√
2πΦcc)
The coupling g3 ≃ U/t generates the usual 4kF -Umklapp
process and the uρ, Kρ parameters of the Tomonaga-
Luttinger (TL) liquid [9], are given by:
uρKρ = v and
uρ
Kρ
= v + U/π (5)
The dimensionless parameters λi=1,2,3 vary like (aλk)
and the two velocities vf and v are respectively of or-
der (a.λf ) and (a.t). Due to the SU(2) spin symmetry of
electrons, we remember that the spinon velocity is simply
equal to v.
The terms λ1 and λ2 are marginal : the term λ1 just
renormalizes the velocity of spinons; it can be ignored.
Conversely, the term λ2 generates the ferromagnetic
Kondo process and the term λ3 describes the coupling
between the staggered magnetizations.
When a |λk| << v (t is large), the term λ2 is small
and it is not really essential at half-filling: it can be for-
gotten. Conversely, the term λ3 polarizes the Sf -spins
and then, we can take vf ≃ v. The 2kF oscillation be-
comes commensurate with the alternating localized spin
operator. The term λ3 has the dimension 3/2 (in the
limit U << λk) and it opens a mass gap M ∝ λ23, for
the charge and all the spin excitations. First, the Umk-
lapp process does not change the physics and it can be
dropped out. Second, all the spin excitations are gapped
because the spin Hamiltonian is not conformally invari-
ant, when we couple 2 SU(2)k=1 algebras. To briefly
prove that, we note K = λ3〈cos(
√
2πΦcc)〉 which is pro-
portional to −(aλk)2; then, by using the representation
of ~Jf,(L,R) in terms of the matrix f [8], we obtain the
standard 2-leg spin-ladder Hamiltonian [10]:
H∗ = Hs +Hk =W (f) +W (g) +Ktr(g†.~σ)tr(f.~σ) (6)
with the well-known SU(2)k=1 Wess-Zumino-Witten
Hamiltonian [11,12]:
W (f) =
1
4u2
∫
d2x tr(∂µf∂µf
†) (7)
+
k
24π
∫
d3x ǫµνλtr(f †∂µff †∂νff †∂λf)
We take v = 1 in the definition of W (f) and the central
charge k=1 is not subject to renormalization. Now, by
substituting g† = αf †, we find that the α-field action
concerns the high energy physics and that the asymp-
totic behavior of the system is then well-described by the
action 2W(f) [10,13]: this effective action is not confor-
mally invariant because it is described by a k=0 central
charge. Consequently, the u-coupling becomes asymptot-
ically free in the Infra-Red limit and it obeys:
β(u) =
du2
dlnD
= − 1
4π
u4 (8)
By integrating this equation, we find a ground state
which looks like a short-range Resonating Valence Bond
(RVB) system [14] confined inside the characteristic
length ξ ∝ u2
D
exp(4π
u2
) and D is an ultraviolet cut-off.
Another consequence is that spin-spin correlation func-
tions decay exponentially or equivalently, that the mag-
netism is generated by the massive singlet-triplet exci-
tations: the corresponding mass or more commonly, the
Haldane gap ∆S ∝ |K| /2 is well-described by the instan-
tonic term trg†.trf ≃ (trf)2 [13] and we can consider
that D ∝ λ23.
When a |λk| > v (t is small), the electrons are trapped
by the lattice spins and the spin system looks like a S=1
antiferromagnet. For a strong ferromagnetic Kondo cou-
pling, the SU(2) spin symmetry of electrons is explicitly
broken onto U(1)×Z2 and the Z2 symmetry which cor-
responds to σz → −σz is spontaneously broken. The
term λ2 is then decomposed into (λ2,+−, λ2,z) and the
Kosterlitz-Thouless analysis predicts that a mass turns
on exponentially with anisotropy:
m ∝ λ23 exp(−cst/
√
|∆Jz |) (9)
with:
λ2,+− − λ2,z = |∆Jz| << 0 (10)
Remarkably, in that case, it is well-known [3] that the
same original RVB ground state occurs and finally, the
preceding “weak λk-coupling” approach still gives good
qualitative results in that case: the S=1 antiferromagnet
is also ruled by a central charge k=0 and also by the term
λ3. Finally, the mass m of eq. (9) just gives some lit-
tle details about the singlet-triplet excitations (now the
massive triplet excitations are reduced to Sz = ±1). In
conclusion, by decreasing the hopping strength of elec-
trons, we do not hope many drastic changes for a half-
filled band, when the Kondo coupling is ferromagnetic.
Even for a small hole-doping, the oscillant term λ3 can
be dropped out; then, the system behaves like a metallic
state and it is not well-described by the preceding short-
range RVB ground state, whatever the ratio |λk| /t. In
fact, the Haldane gap is destroyed by the commensurate-
incommensurate transition and we can conclude that,
conversely to the standard coupled spin-chain problem,
the spin sector is not well-described by any RVB ground
state away from half-filling. Then, according to the ratio
2
|λk| /t, we obtain the following ground states.
In the regime a |λk| << v, the ad hoc λf -coupling is not
well-suited to the situation and we start with vf = 0.
The spin system is simply described by a SU(2)k=1
algebra but now, we can not omit the small Kondo
coupling although it is not subject to renormalization
(λ∗2 ≃ λ2 << v). Then, the SU(2)k=1 algebra is explic-
itly described by the spin field: ~J ′L ≃ α~Jc,L+β ~Jf,R and
this formula is correct while β << α. The parameters, α
and β are given by the two following constraints:
β2 + α2 = k = 1 (11)
and:
β/α = 3λ∗2/4πv (12)
Then, by solving these equations we find that only a very
small ratio of the localized spins, β2 = (1+ 16π
2v2
9λ∗2
2
)−1 <<
1 becomes itinerant. Then, the Kondo coupling just
renormalizes the velocity of spinon to v∗ = v/α2 =
v.(1+
9λ∗2
2
16π2v2 ). Finally, the Sf -spins remain localized and
the electrons just polarize them by hopping. By using
general results on the TL liquid, we can predict power-
law for the spin-spin correlation functions:
〈 ~Jf (0, 0). ~Jf(x, 0)〉 ∼ 〈 ~Jc(0, 0). ~Jc(x, 0)〉 ∝ cos(2kFx)
x1+Kρ
(13)
The system remains antiferromagnetic but we predict the
disappearance of the Haldane gap and the enhancement
of the RKKY interaction.
When a |λk| > v, the electrons are trapped by spins and
the spin system is now composed prevalently of S=1 spins
and of some rare spinons. For a very small hole-doping,
a SU(2)k=2 algebra is hoped to still describe the ground
state and we can not use a “weak λk-coupling” approach
in that case. Anyway, the ground state is quite easy to
intute. Indeed, since λ3 = 0, we do not expect any k = π
fermionic excitations and finally, this implies that the
S=1 spins form a ferromagnetic ground state: this is also
in agreement with a metallic ground state.
Finally, we expect a cross-over from an antiferromagnetic
and incommensurate RKKY situation towards a ferro-
magnetic ground state (formed by the S=1 spins) by de-
creasing the hopping strength t of electrons.
Now, for a half-filled band, we investigate the effects of
a small and dense quenched disorder on the two original
Kondo insulators, namely the ferromagnetic 2-leg spin
ladder and the S=1 antiferromagnet. We use an Abelian
representation of the SU(2) matrices f and g and by in-
troducing the usual boson fields Φ± = (Φc ±Φf )/
√
2 for
the spin sector and their canonical conjugate momenta
Π± = ∂xΦ˜±, we obtain:
H∗ =
∑
ν=+,−
∫
dx
uν
2Kν
: (∂xΦν)
2
: +
uνKν
2
: (Πν)
2
: (14)
+
∫
dx
cst
α2
[λ4 cos(
√
4πΦ−)
+ 2λ5 cos(
√
4πΦ˜−)− λ6 cos(
√
4πΦ+)] cos(
√
2πΦcc)
As seen before, the Kondo term does not change the
physics and it has not been introduced; then, the pa-
rameter K− takes into account the fact that the SU(2)
spin symmetry is explicitly broken for a strong ferromag-
netic Kondo coupling: in that case K− is large and the
massive excitations are reduced to the doublet Sz = ±1
well-described by the term cos(
√
4πφ+) [10]. Finally, we
want to remember that a “weak λk-coupling” approach
still gives good results concerning the S=1 antiferromag-
net ground state.
Here, we apply renormalization group methods, first used
by Giamarchi and Schulz [15] (in the context of random-
ness in a TL liquid). We introduce the complex random
impurity potential,
Himp =
∑
σ
∫
dx ξ(x)c†σLcσR + hc (15)
with the Gaussian distribution:
Pξ = exp(−D−1ξ
∫
dx ξ†(x)ξ(x)) (16)
We can omit forward scatterings, because the k=0 ran-
dom potential just renormalizes the chemical potential
and it does not affect the fixed point properties. In or-
der to deal with the quenched disorder, we use the well-
known replica trick [16]. Due to the definition of ξ(x), we
are limited to a weak randomness treatment and we in-
corporate only the first contribution (order) inDξ. Then,
there is no coupling between different replica indices,
which will be omitted below. By applying a standard
renormalization group analysis up to the lowest order in
λk and Dξ, we obtain the complete flow:
dDξ
dl
= (3− K+
2
− K−
2
−Kρ)Dξ (17)
dλ4
dl
= (2−K− − Kρ
2
)λ4 (18)
dλ5
dl
= (2− 1
K−
− Kρ
2
)λ5 (19)
dλ6
dl
= (2−K+ − Kρ
2
)λ6 (20)
dK+
dl
= −1
2
(D+ + λ
2
6)K
2
+ (21)
dK−
dl
= −1
2
(D− + λ24)K
2
− + 2λ
2
5K
2
− (22)
dKρ
dl
= −1
2
uρ[(
D−
u−
+
D+
u+
) + (
(λ24 + 4λ
2
5)
u−
+
λ26
u+
)]K2ρ (23)
with the notations: Dν = 2
Dξα
πu2ν
[uν
uρ
]Kρ and λ˜ν =
λν
2πuν
and where we did not display the irrelevant equations
3
to the following discussions. We can particularly notice
that in this problem, there is no term like Dξλ(4,6) gener-
ated by perturbation. Finally, the fixed point properties
clearly depend on the initial conditions, on the pure sys-
tem.
For instance, if we consider the 2-leg spin ladder situa-
tion, we initially have 2−K−− Kρ2 > 0, 2− 1K− −
Kρ
2 > 0
and 2 − K+ − Kρ2 > 0. By using the above equations,
we can easily conclude that, in this case, Dξ scales to
the strong coupling regime before the couplings λν : the
Haldane gap vanishes and Kρ tends to zero. Although in
the strong coupling regime, our treatment for random-
ness breaks down, we can guess the fixed point prop-
erties. Indeed, the charge gap ∆c ∝ λ2k is small and it
seems plausible to expect that the TL liquid will be (still)
quenched by a strong disorder, to give a transition into
the famous Anderson localization state [17].
Now, if we branch a strong ferromagnetic Kondo coupling
by decreasing the hopping strength t, we initially have
2−K−− Kρ2 < 0, 2− 1K− −
Kρ
2 > 0 and 2−K+−
Kρ
2 > 0
and K− >> 1 since the SU(2) spin symmetry is explic-
itly broken onto U(1)×Z2. By using the eqs. (21), (23),
we can clearly see that K+ and Kρ are also reduced by
the randomness and gaps open in Φ+ and Φ
c
c: finally,
K− → +∞ at the fixed point and the disorder is reduced
to zero. The coupling λ6 scales to the strong coupling
limit and we can check that the Haldane gap is then
given by the single instantonic term cos(
√
4πφ+). Then,
the Haldane gap is maintained and it is not surprising if
we remember that the charge gap ∆c ∝ λ2k is large in the
pure system and finally it is even larger than the Haldane
gap (∆S ∝ 1/2.λ2k): the electrons are quite quenched by
magnetic impurities and they are not sensitive to a small
quenched disorder.
Summarizing, for a half-filled band, the 2-leg spin lad-
der and the S=1 antiferromagnet occur as new original
Kondo insulators; both, they yield a short-range RVB
ground state and massive singlet-triplet excitations. But,
these two similar Kondo insulators do not equivalently
react by hardly hole-doping or by applying a quenched
and dense disorder. First, a strong ferromagnetic Kondo
coupling is essential to maintain the Haldane gap and to
prevent a transition into an Anderson localization state.
However, we expect the step of a charge localization in
the transport properties, whatever the ratio λk/t: lo-
calization by the “randomness” in the spin-ladder con-
text and localization by the spins in the case of a strong
ferromagnetic Kondo coupling. Second, by hardly hole-
doping, the ground state becomes very dependent on
the parameter |λk| /t. Indeed, for a ratio |λk| /t << 1,
the antiferromagnetic correlations are enhanced due to
the emergence of an incommensurate RKKY interaction.
Conversely, when the ferromagnetic Kondo coupling is
large or |λk| /t > 1, we expect another curious change
by hardly hole-doping: the residual spin system, preva-
lently formed by S=1 spins yields a ferromagnetic ground
state: it minimizes the kinetic energy. Finally, if we re-
move a Sf -spin of the lattice instead of an electron, we
predict the same conclusions concerning the spin sector,
since λ3 = 0 in that case too, but the system remains
insulator because the spins can not move.
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